


•

–

–

•

•



•

•

–

–



•

•

–

•

–

–



•

•

–

•

–

–

•



•

•

–

–

•



• μ

– μ

–

•

–

–

DV intercept residual random error



e1

e2

e3

Study 1

Study 2

Study 3

y
e

yi = µF + εi

observed Rx 

effect in study i

the one true effect 

(fixed-effect mean)

µF

εi ~ N(0, σi
2)

σi = Rx-effect variability in 
studies with identical PICO 
to & sample size of study i

y3 ~ N(µF, σ3
2)

distribution of Rx effects in studies 
with sample size of Study 3
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Study 1 
(Erythromycin) e1

Study 2 
(Co-Amoxiclav) e2

Study 3
(Both)

y

e3

h2

h1

h3

e+h

yi|i ~ N(i, σi
2)

distribution of Rx effects of type i
studies (δi)

where δi ~ N(µR, τ2)

distribution of the true Rx effects                      

yi = δi + εi

yi = µR + hi + εi

True Rx effect of study i

Between-study 

effects variability

Mean of the true study Rx effects 

(random-effects mean)

hi ~ N(0, τ2)

εi ~ N(0, σi
2)

µR



•

•

•

–

–



•



•



–





•

• μ

•



average age 
of patients

dose of 
Intervention



• δ  σ δ μ𝟎+ σ𝐣𝛃𝐣𝐱𝐢𝐣 τ

yi = μ0 +

𝐣

𝛃𝐣𝐱𝐢𝐣 +hi + εi

•

h
–

δi (= μ0 + βjxij)

hi ~ N(0, τ2)

εi ~ N(0, σi
2)



Model:  log RR = μR + 1[25-HVD]

Fracture Prevention With Vitamin D Supplementation: A Meta-analysis of Randomized Controlled 

Trials, Bischoff-Ferrari et al, JAMA, 2005

DV

Continuous predictor

Outcome Outcome

Treatments



μ0



𝑦𝑑𝑖
𝐴𝐽

= 𝜹𝑨𝑱 + 𝒉𝒅𝒊
𝑨𝑱
+ 𝜔𝑑

𝐴𝐽
+ 휀𝑑𝑖

𝐴𝐽
, 𝐽 = 𝐵, 𝐶,…

𝑑

𝑖 𝑖 𝑑

𝜹𝑨𝑱

𝒉𝒅𝒊
𝑨𝑱

J A

Three 2-arm JA RCTs
Design i=1 Two 3-arm JAB RCTs

Design i=2

AJ

B



𝑦𝑑𝑖
𝐴𝐽

= 𝛿𝐴𝐽 + ℎ𝑑𝑖
𝐴𝐽
+𝝎𝒅

𝑨𝑱
+ 휀𝑑𝑖

𝐴𝐽
, 𝐽 = 𝐵, 𝐶, …

𝝎𝒅
𝑨𝑱

휀𝑑𝑖
𝐴𝐽



•

A

C

B

Effects AB, AC and BC 
are correlated with 
each other



•

•

•

–



𝑦1,1
𝑦2,1
𝑦3,1
𝑦4,1

=

1 0
0 1
−1
1

1
0

𝜇𝐴𝐵
𝜇𝐴𝐶

+

ℎ1,1
ℎ2,1
ℎ3,1
ℎ4,1

+

휀1,1
휀2,1
휀3,1
휀4,1

ℎ1,1
ℎ2,1
ℎ3,1
ℎ4,1

~𝑁

0
0
0
0

,

𝜏2 0 0 0

0 𝜏2 0 0

0 0 𝜏2 0

0 0 0 𝜏2

4 studies

2 independent contrast parameters – with T 
treatments only T-1 contrasts are independent

Between-study 
variation (RE model), 
assuming equal 
variances



𝑦1,1
𝑦2,1
𝑦3,1
𝑦4,1
𝑦4,2

=

1 0
0 1
−1
1
0

1
0
1

𝜇𝐴𝐵
𝜇𝐴𝐶

+

ℎ1,1
ℎ2,1
ℎ3,1
ℎ4,1
ℎ4,2

+

휀1,1
휀2,1
휀3,1
휀4,1
휀4,2

ℎ1,1
ℎ2,1
ℎ3,1
ℎ4,1
ℎ4,2

~𝑁

0
0
0
0
0

,

𝜏2 0 0 0 0

0 𝜏2 0 0 0

0 0 𝜏2 0 0

0 0 0 𝜏2
𝜏2

2

0 0 0
𝜏2

2
𝜏2

Study #4 
has 3-arms

Between-study 
variation (RE model) 
accounting for 
correlation in the 
multi-arm study



𝑦1,1
𝑦2,1
𝑦3,1
𝑦4,1
𝑦4,2

=

1 0
0 1
−1
1
0

1
0
1

𝜇𝐴𝐵
𝜇𝐴𝐶

+

ℎ1,1
ℎ2,1
ℎ3,1
ℎ4,1
ℎ4,2

+

휀1,1
휀2,1
휀3,1
휀4,1
휀4,2

휀1,1
휀2,1
휀3,1
휀4,1
휀4,2

~𝑁

0
0
0
0
0

,

𝜎2 0 0 0 0

0 𝜎2 0 0 0

0 0 𝜎2 0 0

0 0 0 𝜎2
𝜎2

2

0 0 0
𝜎2

2
𝜎2

Study #4 
has 3-arms

Within-study 
variation (RE model) 
accounting for 
correlation in the 
multi-arm study



•

𝑦𝑑𝑖
𝐴𝐽

= 𝛿𝐴𝐽 + ℎ𝑑𝑖
𝐴𝐽
+ 𝜔𝑑

𝐴𝐽
+ 𝛽𝑛𝑋𝑛 + 휀𝑑𝑖

𝐴𝐽
, 𝐽 = 𝐵, 𝐶, …

• 𝑋1 𝑋2 𝑋𝑛
• 𝛽1 𝛽2 𝛽𝑛




